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Abstract 
Delamination fatigue-crack growth experiments have 
been carried out on unidirectional glass/epoxy 
laminates. Three specimen types were tested: double 
cantilever beam (DCB), mixed-mode bending (MMB), 
and end-loaded split (ELS), for mode I, mixed-mode 
I + II, and mode II loading, respectively. Fracture 
mechanics technology was applied through the 
principles of strain-energy release rate. The measured 
delamination growth rates, da/dN, were correlated with 
the corresponding strain-energy release rates, AGi, 
AGT, and AG,,. A large number of G,,/Gr mode ratios 
has been used in order to cover the maximum number 
of cases in the range from 0 to 100%. 

A semi-empirical fatigue criterion is proposed. 
Experimental results are correlated with this criterion 
through the plot of parameters d and B versus the 
GIJGT mode ratio. The predicted behaviour is in good 
agreement with experimental results. 0 1997 Elsevier 
Science Limited 

Keywords: glass/epoxy, mode I, mode II, mixed 
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NOTATION 

B Coefficient in fatigue-crack growth 
law 

C Compliance 
d Exponent in fatigue-crack growth law 
daldN Fatigue-crack growth rate 
DCB Double cantilever beam 

ELS End-loaded split 
AG Strain-energy release rate range 

Gic, Gnc, GTC Mode I, mode II and total critical 
strain-energy release rate 

MMB Mixed-mode bending 
n and h Constants in mode I compliance 
R Cyclic load ratio 

CY and p Constants in mixed-mode and mode 
II compliances 

1 INTRODUCTION 

The interlaminar damage mechanism is the most 
severe type of defect since it may significantly reduce 
the stiffness and strength of a material. Thus, it is a 
critical damaging mechanism that should be carefully 
considered in the evaluation of laminated composite 
structures for durability and damage tolerance. It 
results generally from mode I, mode II or mixed mode 
I + II loading. 

Crack propagation under pure mode I (opening 
mode) and pure mode II (shearing mode) cyclic 
loading has been extensively studied in the literature, 
but more attention must be paid to mixed mode I + II 
loading because it relates to most realistic situations. 
In fact, composite structures are generally subjected to 
combinations of mode I and mode II. 

Concerning the mixed mode, different configura- 
tions for a test specimen have been proposed, but 
most of them present practical limitations. The 
mixed-mode bending (MMB) test, proposed by Crews 
and Reeder,’ seems to be very interesting. It has been 
adapted to our material by Aboura et al.* from the 
work of Reeder et al.’ works. The MMB test presents 
some advantages, including the possibility of working 
with a wide range of mixed-mode ratios with the same 

specimen geometry. The G,,/G, mode ratio was also 
found to be independent of the crack length. 

In a previous study4 of montonic tests, it was found 
that the semi-empirical criterion proposed by Gong 
and Benzeggaghs predicts the total critical strain- 
energy release rate, GTc, and the total fracture energy, 
G TR, under any combination of modes I and II: 

GTC = Gc + (GI, - GIc)( $jn’ 
T 

where m is a characteristic parameter of the material 
considered. 

597 



598 M. Kenane, M. L. Benzeggagh 

The delamination crack growth rate, daldN, may be 
related to the strain-energy release rate, AG,6.7 by a 
relationship of the form: 

$=B(AG~~ 

Thus, for each value of the mode ratio Gn/GT there 
are corresponding values of d and B. 

In this work, we have used the MMB test to 
investigate the mixed-mode I + II crack-propagation 
behaviour in interlaminar fatigue tests. Experimental 
results are used to predict delamination growth rate 
through the Paris power law. 

2 MATERIAL AND SPECIMEN 

The laminates tested in this work were made by 
compression moulding of 16 quasi-unidirectional plies 
of prepreg of 52 ~01% of E-glass fibre with Ml0 epoxy 
resin (VICOTEX), which were stacked in a sheet 
6mm thick. Five percent of fibres were woven 
perpendicularly to hold the parallel fibres together 
and they could set a limit to the crack shifting. The 
starter crack was formed by inserting a 0.06 mm thick 
PTFE film at mid-thickness during manufacture. 

The elastic constants were determined from panels 
produced from the same prepreg,x and are given in 
Table 1. 

The pure mode I values for interlaminar fracture 
toughness, Gr, are usually obtained by using a double 
cantilever beam (DCB) (Fig. 1). The pure mode II 
delamination test specimen used in this study is the 
end-loaded split (ELS) specimen (Fig. 2). The 
mixed-mode fracture tests were conducted by means 
of the MMB method, which is a simple combination of 
the DCB (mode I) specimen and the ENF (mode II) 
specimen (Fig. 3). 

3 EXPERIMENTAL 

The experiments were carried out in a 1 kN, 
computer-controlled, servo-hydraulic testing machine 
(Instron 1341). Fatigue-induced delamination growth 
was characterised by conducting constant-amplitude 

fatigue tests at a minimum to maximum cyclic load 
ratio (R) of O-1 and a frequency of 4 Hz. During tests, 

Table 1. Elastic constants for E-glass/MlO-epoxy 
composite 

E,, = 36.2 GPa 
EZ2 = 10.6 GPa 
E,, = 7.2 GPa 

G,, = 5.6 GPa 
G,3 = 3.7 GPa 
Gz3 = 3.2 GPa 

v ,* = 0.26 
Y ,3 = 0.33 
V 23 = 0.48 

h 

L =15Omm B= 20mm 

2h=6mm 

Fig. 1. DCB specimen. 

the maximum and the minimum strain-energy release 

rates, G,,, and G,i,, and the delamination growth 
rate, da/dN, were monitored. 

4 MIXED-MODE BENDING TEST 

The mode I and mode II components, PI and P,,, 
respectively, are given by the following equations: 

P, = 
3e - L 
-P 

4L 

P11 = 
e+L 
-P 

L 

Figure 4 illustrates the superposition of mode I and 
mode II components in the MMB rig.‘,3 

According to Reeder and Crews,” the mode I and 
mode II components of G are given by the following 
equations: 

G = 4P(3e - L)’ 2a 1 h2E,, 
I 

64bL2E,, I a2+h+~+10G,2 
(3) 

T 5-10 mm %,l, 

10mm L 

L =65mm B= 20mm 

2h =6mm 

Fig. 2. ELS specimen. 
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L=65mm L=65mm 

Fig. 3. MMB specimen. 

where 

From eqns (3) and (4), we obtain the mode ratio, 
GnIGT: 

GI1 3(e + L)* 

c = 3(e + L)2 + 4(3e - J!,)~ 

We note that G,,/G, is independent of the crack 
length, a. 

4.1 Energy release rates 
For linear-elastic material behaviour, the energy 
release rate, G, was calculated from the following 
expression: 

where b is the width of the specimen (mm), P is the 
applied load (N) and C is the compliance (N mm-‘). 

The mode I compliance from the DCB specimen is 
given empirically by the relationship 

where II and h are empirical laminate parameters 
found from the measured compliance to be y1 = 1.89, 
h = 24-78 x 105. 

For a given mixed mode, the compliances of the 
load point, C = S/P, for different initial crack lengths, 

a, were measured from the load/displacement 

(e + L)P eP 

L 

i t 

response to calibrate experimentally the compliance 
law, C = F(a). From the linear analysis, the 
experimental compliance laws for the MMB and ELS 
tests used in this study were expressed as: 

C = LY + /3a3 

where the material constants CY and /3 were dependent 
on the mixed-mode ratio. The values of (Y and p, 
which were determined by interpolating the measured 
compliances, are presented in Table 2. 

The critical strain-energy release rates, G,, and 
GIIC, from mode I and mode II tests, respectively, and 
the total critical strain-energy release rate, GTc, from 
different mixed modes considered in this work can be 
calculated4 and results are given in Table 3. 

5 RESULTS AND DISCUSSION 

In general, for all modes considered in this study, the 
measured delamination growth rate data obey a 
power-law relationship of the form: 

$ = B(AG)d 

where AG = G,,, - Gmin and B and d are constants 
depending on the material, temperature, stress ratio, 
R, and frequency.“,” G,,, corresponds to P,,, and 
G,i, corresponds to Pmin. 

As can be seen from Fig. 5, for all the GI1/GT ratios 
considered, the crack-growth rate increases progres- 
sively from a = 35 mm to a = 40 mm, beyond which 
the increase is more marked. Concerning the 
propagation, we note that is relatively unstable for 
high mode ratios but is stable for low mode ratios. 
This is particularly true in the monotonic case where 
the propagation in pure mode II is characterised by a 
marked instability, by contrast with pure mode I 
where the propagation is stable. 

The measured crack growth rate data are correlated 
with the corresponding strain-energy release rate for 
each over GII/GT mode ratio, pure mode I and pure 
mode II, as shown in Figs 6-13, and the results may 
be fitted by eqn (8). The coefficients B and d, 
obtained by least-squares fitting of the fatigue-crack 
growth rate curves, are also presented in these figures. 

(3e - L)P (e + L)P (e + L)P - - 
4L 4L 

t 1 t 

(e + 2L)P (e - L)P (3e - L)P (e + L)P (e + L)P 
2L 2L 4L- 2L 4L 

Fig. 4. Decomposition and analysis of the MMB specimen by beam theory. 
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Table 2. Constants for compliance fits 

Mode II 

28 43 53 72 82 91 

(Y (10~‘mmN~‘) 33.86 20.74 15.38 12.41 11.48 8.94 1.85 
p (10’ N -’ mm-‘) 3.52 1.47 1.11 0.75 1.05 0.99 1.06 

Table 3. Strain-energy release rate values 

0 (mode I) 28 43 82 91 100 (mode II) 

G.,,. (J mmZ) 118.02 340.35 568.36 579.62 1033.67 1821.93 2457.76 2905.76 
(2.75) (37.26) (98%) (58.66) (174.1 1) (84.47) (loa-lo) (224.55) 

We note that we have not determined the fatigue 
threshold, AG,,. 

In most of the studies recorded in the literature, 
researchers have used graphite/epoxy as the ex- 
perimental material,12-‘” so that it is difficult to 
compare our results. Neverthless, we note that the d 
exponent for graphite/epoxy composites is generally 
much higher than that for glass/epoxy composites 
(Table 4). In fact, Mall et af.‘* studied three 

graphite/epoxy composites with different matrix 
toughness values, and in both mode I and mode II 
their d values were higher than those obtained in our 
study. Prel et al.” give a d value of 1.6 for glass/epoxy 
tested in mode I, which is considered to be close to 
what we have obtained. Other results in the literature 
give a value of 3.71 for mode I and 7.61 for mode II in 
the case of a glass-cloth-reinforced epoxy under 
similar loading conditions.” In this case a crack can be 

I I I 

400 600 800 

x10 
Number of cycles, N 

A A. 
1 I I I I I I- 
s 10 15 20 25 30 35 

X10 
3 

Number of cycles, N 

Fig. 5. Representative plots of crack length versus number of cycles. 
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10 

10 

Mode I 

da/dN = 2.1569391 lo-l1 (AG)1.49 

10 1 10 L 
Aq (Jh2) 

Fig. 6. Delamination growth rate, da/dN, versus the 
strain-energy release rate, AG,, for mode I. 

confronted locally with several rigidities, unlike in a 
unidirectional composite where the crack propagates 
in the plane in which the rigidity is relatively 
homogeneous.‘“*‘7 

Concerning the mixed mode, the literature results 
for graphite/epoxy show that the d exponent 
decreases with the Gn/GT ratio. However, for 

10 -2 

G 
“0 

i 

2 10 -3 

3 

10 -4 

10 -5 
LO 1 10 2 

A% (Jh2) ’ 

GI/GT = 28% 

da/dN = 1027389 lo-l8 (AG)*.l3 

3 

Fig. 7. Delamination growth rate, da/dN, versus the Fig. 9. Delamination growth rate, da/dN, versus the 
strain-energy release rate, AG,, for GI,/GT = 28%. strain-energy release rate, AC,, for G,,/G, = 53%. 

10 -2 

3 

i 10 -3 

5 

2 

10 -4 

10 

G II/e = 43 % 

da/dN = 283093.26 lo-l8 (AG)*.*s 

-5 I 
10 1 10 2 1 

AGT (J/m21 
3 

Fig. 8. Delamination growth rate, da/dN, versus the 
strain-energy release rate, AGT, for G,,/G, = 43%. 

glass/epoxy, results obtained in this study show that 
the d exponent increases with GJGr. 

5.1 Empirical mixed-mode fatigue criterion 
By contrast with mixed-mode monotonic behaviour, 
few criteria for mixed-mode fatigue have been 
proposed. Ramkumar and Whitcomb” were the first 

C;II/GT = 53% 

da/dN = 29785,48 lo-l8 (AG)2.62 

q 

7 

10 - 
A(+ (J/m21 
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GII/GT = 72% 
I 

da/dN = 1114,07 10-18 (AG)=l 

10-s j I I 

lo* lo3 lo4 

AGT (Jhn2) 
Fig. 10. Delamination growth rate, da/dN, versus the 

strain-energy release rate, AG,, for G,JGT = 72%. 

to propose a mixed-mode fatigue criterion, followed 
by Gustafson and Hojor’ and Russel and Street.20 
Recently, Dahlen and Springer2i have proposed a 
more complete criterion taking account the material 
proprieties, the loading conditions, the stress ratio, 
and the mode ratio. 

Nevertheless, to have good precision of results 

10 

10 

10 

-1 
I 

j 

-2 _ 

-3 _ 

-4 _ 

-I 

C;I1/GT = 82% 

1 da/dN = 104,46 lo-18 (AG)3= 
I 

10-s 1 
10* 

I 
lo3 lo4 

A+ (J/m2) 

10 -6 ’ + 
lo3 lo4 

A% (J/m? 

O5 

Fig. 11. Delamination growth rate, da/dN, versus the 
strain-energy release rate, AG,, for G,,/G, = 82%. 

Fig. 13. Delamination growth rate, da/dN, versus the 
strain-energy release rate, AG,,, for mode II. 

dafdN = 23.5 10-18 (AG)3.7 

AC+ (J/m2) 

Fig. 12. Delamination growth rate, da/dN, versus 
strain-energy release rate, AG,, for G,,/G, = 91%. 

the 

predicted by any criterion, it is necessary to include 
several GII/GT ratios in the study in order to cover the 
maximum number of cases in the range from 0 to 
100%. In our case, we propose a semi-empirical 
criterion for predicting the d and B values of the 
relationship daldN = B(AG)d for any G,,/G, mode 
ratio considered. The relationship for d as a function 

10 -* 

a 
‘3 

[ 10-3 

5 
2 

10 -4 

10 -3 Mode II 

da/dN = 1,73 1O-23 (AG)4.24 
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Table 4. Results published in the literature 

Ref. Mode I Mode II 

d B d B 

T300/3100 12 7.03 3.68 x lo-l9 5.8 3.29 x lo-” 
IM6/R6376 12 6.4 1.64 x lo-l9 4.62 6.12 x lo-l5 
AS4/APC-2 12 4.8 1.8 x 10-l’ 3.66 9.11 x lo-l3 
AS4/PEEK (1) 13 10.5 - - - 
AS4/PEEK (2) 14 6.14 3.645 - 
E-Glass/epoxy Ml0 13 1.6 - 2.8 
E-Glass/epoxy 914 15 3.71 3.4 x lo-l5 7.61 1.23 x lo-= 
E-Glass/epoxy Ml0 This study 1.49 2.16 x lo-” 4.24 1.71 x 1omz3 

of Gn/GT takes the form: In pure mode I: 

In pure mode I: 

G11 
-=0 and d=dI+cq,=dI 
GT 

In pure mode II: 

G,, 
-=l and d=dII+aO=d,,-d, 
GT 

Thus 

d = dI + (d,, - d,)(g)““’ 
T 

For the coefficient B, it is possible to formulate the 
relationship 

In(B) = ln(B,,) + [ln(Bi) - ln(Bu)]( 1 - $)mE 
T 

4.5 

a 4 
u" 
B 
g 3.5 

B 
W 

3 

2.5 

2 

1.5 

(JT 

In pure mode II: 

$=I*B=B~~ 
T 

The experimental measurements of d and B have 
been plotted as a function of Gn/GT in Figs 14 and 15. 
The proposed criterion gives good results for 
md = 1.85 and mB = 0.35. It seems able to describe 
mixed-mode interaction under cyclic loading: 

Table 5 presents a comparison between results from 
experiment and by using the criterion. Nevertheless, 
in order to verify the validity of the d and B 
relationships, it would be interesting to study 
composites with several different matrices and 
interfaces. 

::::1.1”““1~:::::~::_:::~::::::::::::::~~~~ 
:m 

,..,,________....:..............,,.___..____...........~...... )/..y ~ /-/ . I...................... 

0.2 0.4 0.6 0.8 

GII/GT 

Fig. 14. Exponent d versus $ mode ratio. 
T 
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Fig. 15. Coefficient B versus $ mode ratio. 
1 

Table 5. Comparison between results from experiment and criterion 

From experiment 

d, 1.9 

d,, -d, 2.34 

Ln(Bi,) -52.423 

Ln(&) - ln(&) 27.895 

6 CONCLUSIONS 

The conclusions of this study may be summarised as 
follows. 

1. 

2. 

3. 

4. 

The MMB apparatus allows chracterisation of 
several cases of mixed-mode delamination 
under fatigue loading. 
For each G,,/G, mode ratio considered in this 
study, results are presented in the form of ACT 
versus da/dN plots which fit the Paris law. 
The exponent d and the coefficient B data obey 
relationships of the form: 

d = d, + (d,, - d,)@“*” 
T 

In(B) = ln(B,,) + [ln(B,) - ln(B,,)](l - 21’n” 
T 

Good agreement between the experimental 
results of d and B and the predicted 
relationships is seen. The exponent d increases 
as a function of G1JG7 mode ratio with 
m, = 1.85, wherease the coefficient In(B) versus 
G,,/GT mode ratio decreases with mB = 0.35. 
The parameters md and mH seem to be 
characteristic of the material considered. 
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